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mTIONAL ~ O N A U T I C C S  ANB SPACE ADMLNISmRTION 

PROJECT APOXtEO 

PRELEMINARY SURVEY OF RETROGRADE VELOCITIES 

H$QUIRED FOR INSERTION I N T O  LOW 

LUNAR ALTITUDE ORBITS 

SUMMARY 

Closed lunar orb i t s  are  envisaged i n  the manned lunar mission program. 
The study described herein was undertaken t o  obtain an appreciation of the 
relevant f i e 1  consumption requirements. The retrograde impulses necessary 
f o r  establishing the orb i t s  were assumed t o  occur at the point of c losest  
approach of the main earth-moon trajectory; t h i s  point designated as  the 
a r r iva l  posit ion was res t r ic ted  to  a lunar a l t i t ude  of 5,000 naut ical  mile$ 
or  less .  The orientation of the a r r iva l  posit ion vector relevant t o  any 
coplanar radius vector i s  not constrained, however, and similarly the 
scalar  value of the a r r iva l  velocity i s  unrestrajned. 

Since the a r r iva l  a l t i tude  i s  r e s t r i c t ed  t o  7,000 nautical miles, the 
perturbing accelerations of the ear th and sun are  suff ic ient ly  small t ha t  
the vehicle and moon essent ial ly  comprise an isolated tworbodgr system. 
This i s  a r t h e r  discussed i n  the report. 

Retrograde velocities a re  determined f o r  any required pericynthion 
positions. I f  the pericynthion orientation requirement i s  relaxed, then 
a smaller retrograde velocity i s  i n  some cases possible. A comparison 
between minimum retrograde veloci t ies  and retFograde veloci t ies  necessary 
fo r  s t ipulated pericynthion positions i s  given. A r r i v a l  veloci t ies  a re  
correlated with earth insertion veloci t ies  f o r  a feasible ear th inser t ion 
position. 

The equations developed fo r  detemdning retrograde veloci t ies  f o r  
desired pericynthion positions a re  considered useful fo r  estimating ' 

essent ial  data f o r  the preliminarj  planning of the manned lunar mission. 
Some graphical representation i s  included herein fo r  immediate familiari-  
zation with possible conditions. 



INTRODUCTION 

The study described in this report was initiated by the desire for a 
preliminary assessment of various problems associated with local lunar 
orbits as envisaged in Lhe manned lunar mission program. Since it was 
known that the lunar gravitational field would be dominant during low 
altitude orbits and two-body solutions would be applicable, it was decided 
to take advantage of this and use a closed solution approach.. When satellites 
of a dominating gravitational field are studied, velocities relative to 
the nonrotating coordinate system, origin the gravity source, are treated 
as inertial in order that Newtonian laws may apply. As an example, planet 
velocities relative to the sun are considered inertial and yet the sun is 
thought to be moving in space. For a lunar satellite, a perfectly 
elliptical orbit cannot be achieved due to the movements of the sun, earth, 
and moon relative to the vehicle; however, for low altitude lunar orbits, 
the lunar gravitational field is dominant; hence near elliptical orbits 
may occur. Stability checks of the ellipticity were examined from the 
output of the Republic digital program noted in reference 1. The checks 
confirmed the validity of the approach taken. 

Contained within this report is a method for determining the retro- 
grade velocity necessary for establishing orbit with specific characteristics. 
It is anticipated that the plane of the vehicles lunar arrival velocity 
will, by guidance impulses, nearly coincide with the plane of the desired 
resultant orbit; hence, one constraint of this study was that both the 
arrival velocity and resultant orbit are coplanar. This report also 
indicates the correlation of arrival velocity with specified earth insertion 
conditions by means of a restricted three-body mathematical model. 

It is possible in many cases to reduce the magnitude of the retrograde 
impulse if the restrictions on the pericynthion ~rientation are relaxed. 
Therefore, a method is presented whereby -the minimum retrograde impulse 
can be determined for an orbit with a specified pericynthion radius with 
no constraint on orientation. The methods-of determining minimum retro- 
grade velocities and retrograde velocities for required response are 
thought to be useful in that they point the way to a comprehensive 
quantitative survey program for assessing fuel requirements for lunar orbits. 



semimajor axis of the orbit, ft 

Jacobian constant, nondimensional 

distance from center of earth to center of moon, ft 

Naperian logarithm base 

4 
universal gravitational constant, ft /lb sec 

4 

gravitational acceleration at earth's surface, ft/sec 
2 

altitude 

altitude at apocynthion 

altitude at pericynthion 

specific impulse of fuel, sec 

mass of earth plus mass of moon, slugs 

mass of earth, slugs 

mass of. moon, slugs 

distance from moon center to vehicle position, ft 

apocynthion distance from moon center, ft 

distance from barycenter to vehicle,' ft 

distance from earth center to vehicle position, ft 

pericynthion distance from moon center, ft 

distance from earth center to barycenter, ft 

distance from moon center to barycenter, ft 

time, sec 

velocity referred to the rotating coordinate system, origin 
the barycenter, ft/sec 

arrival velocity referred .to the nonrotating coordinate system, 
origin the moon center, ft/see 



'e 
veloci ty  re fe r red  t o  t he  nonrotating coordinate system, or igin  

t h e  ea r th  center, f t / s ec  

vi 
veloci ty  referred t o  'the nonrotating coordinate system, or igin  

t he  barycenter, f t / s ec  

veloci ty  re fe r red  t o  the  nonrotating coordinate system, o r ig in  
t h e  moon center, f t / s e c  

vo o rb i t  veloci ty  referred t o  t he  nonrotating coordinate system, 
o r ig in  t he  moon center, f t / s ec  

'oa 
o r b i t  apocynthion veloci ty  referred t o  t h e  nonrotating coordinate 

system, o r ig in  t he  moon center, f t / s e c  

V o rb i t  pericynthion veloci ty  referred t o  the  nonrotating 
OP coordinate system, o r ig in  t h e  moon center, f t / sec  

V~ retrograde velocity,  f t / s ec  

X,Y, Z ro ta t ing  coordinates, o r ig in  the  barycenter 

Xe, Ye, Ze nonrotating coordinates, o r ig in  t h e  ea r th  center 

X Y Z nonrotating coordinates, o r ig in  t h e  barycenter 
i' i' i 

Xm, Ym, Z, nonrotating coordinates, or igin  t he  moon center 

a difference between 8 and 8, degrees 

Y angle between vehicle veloci ty  vector and l o c a l  horizontal,  
degrees 

6 f u e l  mass t o  gross mass r a t i o  at commencenlent of burning f o r  
entry  i n t o  l o c a l  lunar  o rb i t  

- 
6 overa l l  f u e l  mass t o  gross mass r a t i o  required fo r  both t h e  

en t ry  i n t o  and e x i t  from the  l o c a l  lunar o rb i t  a t  the  sane 
point of o rb i t  

E eccen t r ic i ty  

8 angle between r and r degrees a t  instank of' r e t so  imnptdse 
burnout P 

- 
8 angle between r and (-axis, degrees function of time at 

instan-t of r e t r o  impulse burnout 



Mo p = --- 
M ' nondimensional 

Me 1-p = - 
M ' nondirnensional 

included angle between VA and VR, degrees 

rotational velocity of earth-moon system, radians/sec . 



In the manned lunar mission program, it is assumed that one of the 
mission's main objectives will be to malre a close survey of the moon's 
terrain. For a detailed survey, this will require the vehicle to establish 
an orbit about the moon which will necessitate the asplication of a retro- 
grade impulse. It is assumed for this study that the impulse will be 
applied at the instant of closest approach to the moon when the vehicles 
velocity vector is normal to the extension of the moont s radius. A con- 
ception of the complete mission is shown in figure (1). 

The vehicle's lunar arrival velocity and position can be correlated 
with the earth insertion velocity and position by reference to a restricted 
three-body mathematical model. In this model the moon and earth are 
considered to rotate with constant radii and constant angular velocity 
about their common center of mass. The earth and moon are considered as 
point masses and the vehicle's mass is regarded as infinitely small in 
comparison. Further information concerning the characteristics of the 
restricted three-body mathematical model are found in reference 2. 

The restricted three-body equation6 of motion as given in the rotating 
coordinate system with origin the barycenter are 

r ' 
eP 

- r' 

where (X - 3) is the distance along the X coordinate from the earth 

center to the particle and (X - x*) is the distance along this coordinate 
from the moon center to the particle. 



then the equations of motion become 

By multiplying the above by 2k, 22, and 2i respectively, adding, and 
integrating, Jacobi's integral is obtained, which is 

If the earth insertion velocity and position are known, the integration 
constant C can be determined. Once C is determined, it is possible to 
calculate the scalar value of the lunar arrival velocity for any given 
arrival position. The transformation of the velocity in the rotating 
coordinate system, origin the.barycenter, to the nonrotating coordinate 
system, origin the moon center, is 

The relationship between the velocities in the different coordinate 
systems is illustrated in figure 2. For a comparison between earth 
insertion velocities and lunar arrival velocities, refer to figure 3. It 
should be noted that the vehicle is confined to the earth-moon plane 
which contain the axes X, Y; Xi, Yi; Xe, Ye; Xm and Ym. The correlation 

between arrival velocity and earth-insertion velocity is shown for the 
condition of minimum earth-moon distance. The vehicle's arrival velocity 
is in the ( -2  X ;?)direction. 

It is shown below that for a given C and arrival positjon vector, 
regardless of the orientation of the position vector, that the 1u::a-r ayrispal 
velocity is approxirim tely constalit .  Thi s nsacr i , ion nlust, be qualtf i e d  73y 



restricting the altitude to the range considered in this study. The 
velocity relationship is as follows: 

For convenience, equation (1.8-A) is rewritten such that the terms, 

independent of the orientation of F' , appear on the left-hand side: 

Upon utilizing the law of cosines, the following is evolved 

Theref ore 

This allows equation (1.8-A) to be modified. to an excellent a~proximatloii 
for the range of altitudes studied. 



Consequently it can be seen from equation (1.8-C) that if r is consts,nt, 
then the orientation of r will not affect the value of V. 

The trend of the arrival velocity wfth increase of altitude above 
the lunar surface nlay be more clearly understood by the following con- 
siderations. Substitution of equation (1-11) into equation (1.8-A) yields 

Differentiation of this equation with respect to r yields 

Therefore, it is possible to reduce equation (1,. 12) to the approximation 

This expression gives a fine approximation for the trend of the arrival. 
velocity with altitude. Although this approximation applies for a 
velocity V, which is referred to the rotating axis system with origin the 
barycenter, it is shown below that with little loss of accuracy that V may 
be regarded as VA Given that 



then 

which yields 

and upon collecting terms 

By inserting a relevant range of values into the equation it is found that 

and 

therefore, the following approximation is acceptable: 



DETERMINPfTION OF RETROGRADE VELOCITIES 

This section contains a method fo r  determining instantaneous 
retrograde veloci t ies  within cer ta in  ~ o n s t r a ~ i n e d  conditions, For 
t he  method described herein, t he  plane of action i s  defined as  the  plane 
containing the moon center and the a r r i v a l  velocity vector. The retrograde 
impulses w i l l  be applied i n  t h i s  plane, and therefore, the  resul t ing o rb i t s  
w i l l  be i n  t h i s  plane. Also, since the  retrograde impulse i s  t o  be 
i n i t i a t e d  a t  the  point of c losest  approach t o  the  moon, then the a r r i v a l  
velocity vector w i l l  be normal t o  the  posit ion vector. The radius of 
curvature of the  resul tant  t ra jec tory  w i l l  never be decreased immediately 
a f t e r  t he  application of retrograde impulse i f  the  orb i t  i s  e l l ipt i .cal ,  
For none l l ip t ica l  orbi ts ,  the  radius of (curvature w i l l  be decreased; 
however, an a l te rna t ive  solution fo r  t he  retrograde impulse determination 
is  required a s  w i l l  be brought out i n  t h e  tex t .  

The method f o r  determining an orb i t  with a required pericynthion radius 
and or ientat ion i s  given below. The following sketch depicts the  vehicle 's  
a r r i v a l  at the  v i c in i ty  of t h e  moon where the  plane of a r r i v a l  is  denoted 
as  the  5 ,  plane. 

By the  l a w  of cosines 
2 2 2  

V + V - 2V0VA cos y V ~ '  A 0 

where 

and 

r V 
cos y - rV 

0 



Subst i tu t ion of equations (2.2) and (2.3) y ie lds  

It i s  seen from the  re la t ionships  a s  out l ined i n  the  appendix 
t ha t  

a = rp (" - coS ') 
2 l  -1 - cos 8 

It a l s o  follows from the  re la t ionships  i n  the  appendix t h a t  

Subst i tu t ion of equation (2.5) i n t o  (2.3) y i e ld s  

now l e t  



Subst i tu t ion of i d e n t i t i e s  a, b, c, and d allows equation (2.7) 
t o  be rewri t ten  

Equation (2.1) may now be wr i t t en  a s  
-, 

Equation (2.9) i s  the  general  equation which determines the  re t ro -  
grade veloci ty  f o r  t he  required conditions. 

Transposing equation (2.2) y i e ld s  

y = arc  case)($) 
By determining y then p can be calcula ted from the  law of 

s ines .  Thus 

Equations (2.9)  and (2.10) determine t he  value and sense of t he  . 

required retrograde velocity.  However, it should be noted t h a t  the  
r e su l t an t  t r a j e c to ry  could represent  any ty-pe of conic o r b i t  depending 
on the  a r r i v a l  conditions and the  required charac te r i s t i c s  of the  
r e su l t i ng  t ra jec to ry .  It i s  assumed that  an e l l i p t i c a* l  o r b i t  i s  desired; 
however, it does not necessar i ly  follow t h a t  t he  retrograde Impulse w i l l  
y i e l d  an e l l i p t i c a l  o rb i t .  The c l a s s i f i c a t i on  of the conic o r b i t  can be 
found by determining the  eccen t r i c i ty  where 



For an elliptical orbit 0 < E < 1, for a parabolic orbit E = 1, and 
for a hyperbolic orbit e > 1. 

If the resultant orbit is not elliptical, then a different method 
for determining the retrograde impulse is necessary. Although it is not 
envisaged that it will ever be desirable to arrive at a certain peri- 
cynthion position on a hyperbolic trajectory, it is possible to determine 
the necessary retrograde impulse vector which will accomplish this. If 
equation (2.9) is modified to 

then solution of equation (2111) will yield the necessary velocity. The 
orbit velocity vector in this case will be opposite in direction from that 
which would be determined if equation (2.9) were utilized. 

To obtain an insight into the quantitative values of retrograde 
velocity, refer to figure 4 and the orbit reference table. Figure 4 shows 
the retrograde velocities necessary for various combinations of arrival 
and required conditions and the orbit reference table defines the orbits 
established as a result of these retrograde impulses. As an example, 
suppose it is desired to establish an orbit with a pericynthion aJtitude 
of 100 nautical miles with the pericynthion radius orientated l5O from the 
insertion radius. Assume that the vehicle arrives at an altitude of 
1,000 nautical miles with a velocity of 6,300 ft/sec. Reference to 
figure 4 shows that this will require a retrograde impulse of 3,360 ft/sec. 
Reference to the orbit reference table, condition 2-B, shows that the 
established orbit will have an apocynthion altitude of 1,128.6 nautical 
miles, an apocynthion velocity of 3,031.7 ft/sec, a pericynthion velocity 
of 6,036.9 ft/sec, and the time required for on& complete orbit will be 
3.8 hours. 

It has been determined that the preceding equations will yield the 
retrograde impulse for any specified values of pericynthion radius and 
orientation. However, it is possible in many cases to reach these peri- 
cynthion altitudes with smaller retrograde velocities if the restrictions 
on the orientation of pericynthion are relaxed. Upon referring to 
equation (2 .9 ) ,  it is seen that the qua,ntities A, K, and @ are 
independent of 8, therefore differentiation of equation (2.9) with 
respect to 8 yields 



and d i f fe ren t ia t ion  of i den t i t y  ( c )  y ie lds )  

av '  To obtain a  minimum retrograde veloci ty  then - - - 0, and . 

It i s  known t h a t  A # 0 therefore  

Suppose t en t a t i ve ly  t h a t .  f o r  equation (2. 14-A) t o  hold t h a t  
1 ..- 
2 

A - V A @ X  = O  

therefore 

Subst i tu t ion of equation (2.15-A) i n t o  i den t i t y  ( c )  y ie lds  

1 -(&)2 

Cos 0 = (2.16) 



Equation (2.16) has two boundary conditions 

0 0 = 0 and 0 = -180' 

When r = r then 0 = 0 by def ini t ion of t he  two-body o rb i t  and 
P ' 

t h i s  i s  t he  unique value of 8 t o  be considered. 

By reference t o  equation (2.14-A), it i s  seen t h a t  9 = -180' i s  an 
a l t e rna t ive  solut ion t o  

lCwo conditions a r e  now s t ipula ted:  

Condition (1) where 

0 av,' 
8 = -180 and - a, - - 0 l e t  V R =  VR1 

Condition (2) where 

avR2 
-180' .$ 0 $ 0 and ,, = 0 l e t  v .= v 

R R2 

The following analysis  i s  t o  prove t h a t  when VR2 exis ts ,  it i s  a 
2 minimum. Tentatively assume t h a t  V 2, VR2 2 i n  which case the  following 

i s  evolved from equation (2.9). 

3 
It i s  convenient t o  add 2VA (/ AX * - t o  both sides.  %%is 1 

allows i nequa l i  ty (2.18) t o  be rewritten 



By def in i t ion  X = 
1 - cos 8 

1 
- 

1 - -  cos e 

therefore 

For condition (2) equation (2.17) y ie lds  

and subs t i tu t ing  the  value of A'' from equation (2.16), inequali ty 
(2.20) s impl i f ies  t o  

and 

From equation (2.19) and inequal i ty  (2.21-A) it follows t h a t  

1 - 1 - 
2 x, - x,, _< 0 (2.22) 



2 
Inequali ty (2.18-A) which i s  the  condition f o r  

VR1 >, VR2 and s t a t e s  

t h a t  VR2 i s  a minimum, i s  now divided 11y 6 ' - x ~ ~ A ~ ,  a negative 
1 

\ 
number which reversea the  inequali ty.  

/ 

From equation (2.15-A), both s ides  of Which a r e  posit ive,  it i s  seen 
' 

t h a t  

therefore  subst i tu t ion of equation (2.24) i n to  inequa,lity (2.23) y ie lds  

Subtraction of 2~~~ from both s ides  of inequal i ty  (2.25) y ie lds  

but  from inequal i ty  (2.22)) it i s  Bnom t$at t h i s  i s  true,  therefore, 
when VR2 exis ts ,  it i s  a minimum. It must be noted t h a t  VR2 i s  a 

minimum f o r  a conic t ra jec tory .  For the  t ra jec tory  t o  be e l l i p t i c a l ,  
two-body o r b i t a l  equations y i e ld  equation (2.5) and f o r  e l l i p t i c a l  
conditions t o  ex i s t  

2= -7. - cos 8 > 0 
r 



Hence when VRg ex i s t s  and -1 > cos 6 ,  then it i s  the  minimum 

retrograde veloci ty  f o r  an e l l i p t i c a l  o rb i t .  

I n  summation: 

I f  VR2 does ex i s t ,  it i s  a minimum where 

and 

when @ = 1, 6 = 0 i s  t he  uni  ue v a u e  which s a t i s f i e s  equation (2.14). 

If V ~ 2  does not ex i s t  and @ 1, then VR1 i s  a minimum. If VRl i s  

a minimum, 8 = -180' and 

and i f  

9 -1 > cos 9 r 

then t h e  o rb i t  i s  e l l i p t i c a l .  

The method f o r  determining the  minimum retrograde veloci ty  f o r  a given 
s e t  of conditions i s  now outlined. 



Steo l 

Determine from the  following equation i f  VR2 does ex i s t :  

2 

8 = cos 
- ($5) 

2 

I f  there  i s  a solut ion t o  equation (2.28)) then VR2 does ex i s t  and the  

determined value of 8 w i l l  'yield the  minimum retrograde impulse. Should 
the  equation have no legi t imate  solution, then VR2 does not e x i s t  and 

- 

therefore, 8 = -180°, which i s  the  value of 0 f o r  Vm , w i l l  y i e l d  

the  minimum retrograde impulse. 

Step 2 

The eccen t r ic i ty  of the  o r b i t  should now be determined. By using the  
value of 8 a s  found from equation (2.28)) the  eccen t r ic i ty  can be 
determined from 

Step 3 

The minimum retrograde veloci ty  f o r  an e l l i p t i c a l  o r b i t  can be 
ascertained by using the  determined value of 8 i n  equation (2.9) which 
i s  

If the  resu l tan t  o r b i t  i s  not e l l i p t i c a l ,  the  rninimum retrograde ve1ocil;y 
can be deterniined from ec~uation (2.11_) which i s  



A conlparison betveen nzinimi~ni retro[?;vade velocities and retrograde 
velocities for coiiscraiiied colrditions is shown in f j g w e  3.  For the con- 
struction of this figure, the vehicle is assumed to arrive at an altitude 
of 1,000 nautical miles wiih an arrival.. vel.oci ty oC 7,000 ft/sec. Graph (A) 

shows (F) , where r is the arrival radius, plotted against 0 which will 

yield the minimum retrograde velocity. Graph ( E) shows plotted adgains t 

the req~~ired minimum retrograde velocity and the comparison curve shows the 
retrograde , . velocities which yield a pericynthion orientation of 150'. Graph (c) 
sliows (F) plotted against the resultant orbit apocynthion radius for the case 
where the retrograde impulse is a m i n i m  and the comparison case. It can be 

seen that over a considerable range of ( )  , the minimum retrograde impulse 
will offer some fuel savings without influencing the resultant orbits signiff- 

cantly. In the range of ( y). where the fuel savings are considerable, however, 
the 1-esultant orbits have the following undesirable features: large apo- 
cynthion radii, large pericynthion velocities, and large orbit periods. 

Another example of retrograde determination is shown in figure 6. Graph (b) 
of this figure shows the variation of arrival velocity as a. i':~nction of altitude 
for a given earth insertion velocity and position. Graph (3,) shows the retro- 
grade impulses necessary to establish orbits of various configwationsfor the 
arrival velocities and altitudes shown in graph (b). Although it is stipulated 
that the pericynthion radius be orientated 180° from the arrival radius, it 
should be noted that the constraints for these particular cases  allot^ a minimum 
retrograde impulse. This can be confirmed by substituting values into 
equation (2.28). It should also be mentioned that since 8 = 1800, the arrival. 
altitude becomes the apocynthion altitude of the established orbit. This 
figure also shows that the nearer the required orbit is to a circular orbit, 
the lower the required retrograde velocity. Also, for a low altitude survey, 
say from an altitude of 1-00 nautical miles, the nearer the orbit is to circular, 
the smaller the pericynthb velocity will be, which will allow a longer survey 
time . 

Figure 6(c) is introduced to extend the quantitative informati,on included 
in this report. The classical restricted three-body model referred to on 
page 7 yields a relationship between earth insertion (v) and arrival (v). 
Examination of Jacobian constant contours reveals that there is absolute. 
maximum value of C and a corresponding rnininl~m velocity for a given earth 
insertion position vector which cou1.d possibly allow the lunar vehicle to free 
coast to the moon. This m3,ximum value of C and corresponding 
velocity is taken as a convenient ~natlieinatical 'oase. The reference minimum 
velocity in figure 6(c) is that for an altitt.~de of 100 na.~ti.cal miles, moon 
lead angle of go0 and an earth-moon distance of 192,358 nautical miles. The 
associated velocity for a given C will va.ry with position according to 
eqmtion (l.g), thus fip;ure 6(c) affords n stlciy of the consequences of a 
variety of ea,rth insertion condi-ti.onr,. 



The fue l  required fo r  instantLmeous retrograde impulse fo r  es tabl ishing 
lunar  o rb i t s  can. be calculated from the  equation 

where 6 i s  t he  r a t i o  of the  f i e 1  mass at commencement of burning t o  t h e  
gross mass. Sho>m i n  f igure  7 a re  t he  fue l  mass t o  gross mass r a t i o s  
necessary f o r  es tabl ishing t he  o rb i t s  shown i n  f igure  6. The f i e 1  con- 
swnption values as  shown a re  considered absolute minimums since t he  
impulses a re  assumed t o  be instantaneous. F'uel consunption values f o r  
corresponding f i n i t e  impulses, however, w i l l  d i f f e r  l i t t l e  from t h e  
given values. I n  a l l  cases where t h ru s t  i s  ac t ing against  a resolved 
weight component, there  i s  a l o s s  i n  e f f i c iency  and t h i s  t o  a small 
degree would be t h e  case with corresponding impulses of f i n i t e  duration. 

As an example of t he  use of t h i s  graph, consider a lunar vehicle 
with an ea r th  surface weight of 10,000 pounds containing a fue l  of 
250 seconds spec i f ic  impulse. From the  gra-ph it w i l l  be noted t h a t ,  
within t he  conditions considered, the  ea r th  surface weight of Fuel 
required fo r  inse r t ing  t he  vehicle a t  a lunar  a l t i t ude  of 5,000 nau t ica l  
miles i n to  an o rb i t  with a pericynthion a l t i t u d e  of 100 nau t ica l  miles 
i s  3,200 pounds. 

To obtain t he  t o t a l  f ue l  requirement fo r  o rb i t  entry  and e x i t ,  t he  
following i s  considered. The retrograde ve loc i ty  t o  i n se r t  i n to  t he  
o rb i t  i s  assumed t o  equal t he  posigrade ve loc i ty  fo r  ex i t .  This 
assumption i s  made since t h e  ve loc i ty  requirepents r e l a t i ve  t o  t h e  
center of t h e  moon of the  major earth-moon t r a j ec to ry  w i l l  not have 
subs tan t ia l ly  changed a,fter a, r e s t r i c t ed  nw~iber of lunar orbi ts .  The 
tota.1 fue l  requirement i s  found from the  equation 

- 2 F 3 - - 2 6 - 6  ( 3 . 3 )  

- 
x,rhere 6 i:; the total Sucl  ma.:is -to p;;I.orz::: ~1:~s:; r x t i o  rcqnri.rc%l -for orbit 



en t ry  and ex i t .  Sho-cnl i n  f igure  8 are t he  t o t a l  f ue l  mass t o  gross 
mass r a t i o s  necessary f o r  o r b i t  en t ry  swnd e x i t  fo r  t he  o rb i t s  shorn i n  
f igure  6. As an example of t h e  use of t h i s  graph, consider a lunar  
vehicle with an ea r th  surface weight of l0,000 pounds containing a fue l  
of 250 seconds spec i f ic  impulse. Fromthe graph, it can be seen t h a t  
t h e  ea r th  surface weight of f'uel required fo r  both en t ry  and ex i t ,  a t  
an a l t i t u d e  of 5,000 nau t ica l  miles fo r  an o rb i t .w i th  a pericynthion 
a l t i t u d e  of 100 nau t ica l  miles, i s  5,400 pounds. 



DISCUSSION ON ORBIT STABILITY 

The simplest and possibly t he  best  method of considering the  
s t a b i l i t y  of t he  veh ic le ' s  o rb i t  about t he  moon i s  t o  consider t h e  
vehicle as  a s a t e l l i t e  of the  moon where t h e  following are  considered 
t he  major perturbation e f fec t s :  

( a )  t he  ea r th ' s  gravi ty  f i e l d  

(b)  t h e  sun's  gravi ty  f i e l d  

( c )  t h e  moon' s po ten t ia l  d i s t r i bu t i on  

(d)  t h e  lunar  l i b r a t i ons  

By s t a b i l i t y ,  it i s  implied t h a t  successive o rb i t s  have r epe t i t i ve  
charac te r i s t i cs .  

A br i e f  analysis  of the  individual  gravitational. e f f ec t s  of t h e  
earth,  sun, and moon show the  pos s ib i l i t y  of a highly s tab le  o r b i t .  
The order of magnitude of t he  g rav i ta t iona l  e f f ec t s  of the  earth,  sun, 
and moon on t he  vehicle a r e  shown below. 

Zero lunar d t i t u d e  

Moon 5.31 
Sun 0.02 

Earth .01 

Lunar a l t i t ude  3,000 n .m. 

I f  f o r  a short  dura,tion there  i s  ins ign i f ican t  difference between 
t he  e f f ec t s  on the  moon and t h e  e f f ec t s  on t h e  vehicle due t o  t he  g rav i ty  
f i e l d s  of t h e  ea r th  and sun, then the  moon and vehicle w i l l  tend t o  
behave a s  a two-body system with a r e s d t a n t  s tab le  o1;bi.t. Should t he  
apocynthion a l t i t u d e  of t he  vehic le ' s  o rb i t  never be greater  than 
5,000 na,utical miles, "ihen the  sca la r  a,ccelerations of t he  vehic le  and 
moon due t o  t h e  sun never have a, gr.ea.ter r a t i o  than 1.000147 or t h e  
inverse. The d i rec t iond .  difference i n  t he  a,cceleration vectors i s  
negl igible  since t he  sun i s  ap~~roximc7,tely 80,764,000 naut ical  miles 
away. The correspond.i.ng ra.tj.0 due t o  the  ea r th  i s  never greater  t h a n  
1.0647 o r  t h e  inverse and t he  direc.tion:ll difference i s  small.  Viewed 
i n  t h i s  manner, t h e  sun's  gravi-tational e f f ec t  i s  very small. The moon 
and. vehicle accel-eration vector2a.l d.ifferencc2: h e  -to the  earth. appears 
more s ign i f ican t ,  but due t o  t he  osciiln.tory nature of t he  difference,  
since i - k  i s  periodic with t h e  vehicle':; or'bit, the e f f ec t  i s  sm,ilL over 
a. rec;tric-LC& nurnl~er  o : C  or'u:its. 



Another perturbation e f f ec t  of :i.nterest i s  t h e  l i b r a t i ons  of t he  moon 
about i t s  center of gravi ty ,  The u:ppa.rent 1-ibrations aa  viewed from ear th  
a r e  of no concern i n  t h i s  study. 'I'i1le:r i s  a sma.11 rea.1 l i b r a t i on  i n  
longitude due t o  t h e  eccen t r ic i ty  of t he  moon's o rb i t  about t he  bar icenter  
but  t h e  period i s  a month, and hence t h i s  l i b r a t i o n  does not present a 
problem. If any high frequency l i b r a t i ons  ex i s t ,  they a r e  thought t o  be 
ins ign i f ican t ly  s m a l l .  

The main changes i n  o rb i t  charac te r i s t i cs  with time a r e  ant ic ipated 
t o  be changes i n  t h e  incl inat ion of %he o rb i t  and regression of t h e  nodes 
r e l a t i v e  t o  t h e  lunar  equator. 

Several s t a b i l i t y  checks have been conducted by a  corn-prehensive 
simulation incorporated i n  a  d i g i t a l  mathematical model which includes 
earth,  sun, and lunar  po ten t ia l  d i s t r i bu t i on  e f fec t s .  (see re f .  1. ) 

This model i s  pa r t i cu l a r l y  a. t tractlve i n  t h a t  t h e  or igin  of in tegrat ion 
i s  t h e  moon f o r  t h e  conditions considered and t h e  round-off e r ro r s  a r e  
those involved i n  t h e  in tegrat ion of perturbations from reference e l l ipses .  
The checks added confidence t o  the  above remarks concerning s t a b i l i t y .  

CONCLUSIONS 

1. A t  low lunar  a l t i tudes ,  say l e s s  than 5,000 nau t ica l  miles, 
t h e  lunar vehicle i n  free-coast conditions w i l l  e s s en t i a l l y  behave a s  a 
s a t e l l i t e  of t h e  moon, and hence t he  t r a j ec to ry  w i l l  be conical  with t h e  
center of t h e  moon mass a s  a foca l  point. Depending on t h e  ve loc i ty  
imparted by t h e  retrograde impulse, t h e  t r a j e c t o r y  w i l l  be  e l l i p t i c ,  
parabolic, o r  hyperbolic. E l l i p t i c a l  t r a j e c t o r i e s  a r e  of i n t e r e s t  i n  
t h a t  closed o r b i t s  about t h e  moon a r e  required fo r  survey purposes. 

2. I f  t he  retrograde impulse i s  such t h a t  t h e  resu l tan t  o r b i t  w i l l  
be e l l i p t i c a l ,  a simple th rus t ing  logic  ma,y be introduced f o r  obtaining 
a required peric3rl.lthionposition, the  on1y.requirement being t ha t  t h e  
inse r t ion  ve loc i ty  i s  t h a t  which would be yielded by t he  c l a s s i c a l  two-body 
solut ion f o r  t h e  required conditions. 

3. The lunar a r r i v a l  veloci ty  increases with increase i n  ear th- inser t ion 
ve loc i ty  and t h i s  e n t a i l s  heavier file1 expenditure f o r  inser t ion i n t o  a 
l o c a l  lunar o rb i t ;  however, the re  i s  -the p o s s i b i l i t y  t h a t  t h e  t r a j e c t o r y  
associated with a, higher earth-insert ion ve loc i ty  w i l l  require l e s s  fue l  
expenditure f o r  guidance before the  a r r i v a l  phase. 

4. For a given arri.va.1. a l t i tude ,  t he  ncar.e~- .the reqr.ired o rb i t  i s  t o  
a circu1a.s o rb i t ,  t he  lover the required rcl;rogra.clc velocj-ty. R~r the r ino~e ,  
f o r  a  given pericynthion al-ti-t;ude, -the nearer the ~tssocia ted o1.2,:it is t o  
c i rcular ,  the smaller t he  pcr%cyn-Lhi.on vc:l.ocii;y, Tile pevicgl~thioli i s  prol.z~:bly 
al~ove the center  o:~? -'clie area -Lo 11c survt::;icd and liencc a :;i~iall. pi:i-.icynii~ioii 
ve loc i ty  i s  des i rable ,  



For an e l l i p t i c a l  o rb i t  with pericynthion &t i tude  and orien- 
t a t i o n  s t ipula ted,  the re  i s  a unique retrograde velocity.  This retrograde 
veloci ty  may or  may not be t h e  minimum which w i l l  y i e ld  the  desi red peri-  
cynthion a l t i t ude .  I f  t h e  r e s t r i c t i o n  on t he  or ienta t ion of t he  pericynthion 
i s  relaxed, then i n  many cases it i s  possible t o  determine a smaller re t ro-  
grade impulse which w i l l  y i e ld  t he  desi red pericynthion a l t i t ude .  U t i l i z a t i on  
of t he  minimum retrograde impulse, however, may produce an o r b i t  with an 
excessive apocynthion a l t i tude ,  pericynthion velocity, and period. It i s  
possible t o  minimize these  adverse features,  a t  t h e  expense of fue l ,  by 
or ien ta t ing  t he  pericynthion gradually away from the  point of minimum ret ro-  
grade impulse t o  a point where t h e  o rb i t  charac te r i s t i cs  become more 
desi rable .  



APPENDIX 

TWO- BODY EQUATIONS 

I n  order -to maintain continuity i n  t he  main t e x t )  transposes of 
well-known two-body re la t ionships  axe immediately used. This appendix 
i s  included t o  indicate  t he  derivation of these  re la t ionships .  

The d i f f e r e n t i a l  equations of motion a re  

(A-1) 

and 

From these  equations and a knowledge of conic geometry, t h e  follotr- 
ing equations can be evolved: The general conic expression f o r  t h e  
semilatus rectum i s  

and when r = r then 8 = 0 which yie lds  
P.' 

The expression f o r  the  angle y which i s  the  angle between t h e  
veloci ty  vector Vo and the  normal t o  the  vector r i s  from in tegra t ion  

of equation (A-2) above 

r V 
cos y - 

rVo 



It can be seen t ha t  equation (A-5) i s  t he  sane a s  equation (2.2) of 
the  main t e x t  . 

The expression f o r  the  semimajor axis  which i s  evolved from 
equation (A-3) i s  

I ' j  f ,  

Subst i tu t ion of the  values of p and E from equations (A-3) 
and (A-4) y i e ld  

r ( >  - cos 4 
a = (A-7) 

2= -1 - cos 8 r 

It can be seen t h a t  equation (A-7) i s  -the same a s  equation (2.5) of 
t he  main t e x t .  For a hyperbola since € > 1 i't can be seen from 
equation (A-6) t h a t  t he  numerical value of a w i l l  be negative. 

The o rb i t  veloci ty  i s  

Subst i tu t ing i n t o  equation (A-8), t he  value of a of equation (A-7) 
yie lds  

This i s  t h e  sane a s  equation (2.7) of t h e  main t e x t .  The 
pericynthion ve loc i ty  i s  

Subst i tu t ion of the  value of a fro111 equa.tion (A-7) yie lds  

7 .k  can be Lpcn t h a t  equation f A-I 1 1  i s  -the same a s  equation (2.6) of t he  
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F i g u r e  1.- Diag r a m  o f  envisaged manned lunar mission. 



Vehicle 



Figure 3.- Variation of earth insertion velocitv (Ve) with lunar 
arrival velocii-y (V,) a s  determined by Jacobian relationship. 





ha, naut. miles 

Fn the solar system the assumption of ellipticsl characteristics in these cases is not valid. 

Orbit Reference Table 



t3 for minimum V R ,  deg V R ,  ft/sec X ra, naut. miles X los3 

Figures.- Comparison of retrograde velocities for minimum and constrained conditions. 
V, = 7,000 ft/sec, h = 1,000 naut. miles. 



Earth insertion .conditions; Earth insertion conditions; 
Altitude 100 naut. miles Altitude 100 naut. miles 
Moon lead angle 90' Moon lead angle 90° 
V= 1.005 min. = 35,797 ft/sec V=  1.005 min.= 35,797 ft/sec 
D= 192,358 naut. miles > D= 192,358 naut. miles 
Ve= 35,857f3 ft/sec Ve= 35,85723 ft/sec 

F i g u r e s  6a a n d  6b.- R e t r o g r a d e  v e l o c i t y  f o r  i n s e r t i o n  into o r b i t  f o r  8 = 18Q0. 



IEwttjh-Moon p l a ~ n e  t r a j e c t o r i e s ,  
!EaPt*h insertion a l t i t u d e  1 0 0  N.M. 

Apocyn t h i o n  a l t i t u d e  - N.M. X 

F i g u r e  6 c . -  R e t r o g r a d e  v e l o c i t y  r e l a t e d  t o  e a r t h  insertion 
c o n d i t i o n s  in terins o f  the J a c o b i a n  relationship. 9 = 180°. 
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Fue'l. !!!ass . t o  . , i i s5  r a t  i o  6 

F iSUrE! 7 , -  c t l n s i i l r ~ p t  i o n  i r i r  i n s i . r  i it.,,; i r ! - i , ~  : , rb  i t .  



F u e l  mass t o  gross mass rat i o 3 

Figure8.- T o t a l  f u e l  consumption f o r  orbit entry and e x i t .  


